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Abstract
In this paper we determine all the abelian extensions of rational function fields which have divisor
class number one. We also determine all the imaginary abelian extensions with relative divisor class
number one.
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1. Introduction
Let k = Fq(T ) be the rational function field over the finite field Fq with q elements.
Let A = Fq [T ] be the ring of polynomials and ∞ be the prime divisor of k associated to
(1/T ). We assume that q  3. For each N ∈ A one use the Carlitz module to construct a
field extension KN , called the N th cyclotomic function field and its maximal real subfield
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2 H. Jung, J. Ahn / Journal of Algebra 310 (2007) 1–14K+N , i.e., the maximal subfield of KN in which ∞ splits completely. For the cyclotomic
theory of Carlitz–Hayes, we refer Hayes’ paper [7], or Rosen’s book [12].
Throughout the paper, we always assume that a finite extension K of k is contained
in some cyclotomic function field. By the conductor of K, we mean the monic polyno-
mial N ∈ A such that KN is the smallest cyclotomic function field containing K. Let
K+ = K ∩K+N be the maximal real subfield of K and JK = Gal(K/K+). We say that K/k
is a real extension if JK is trivial and imaginary otherwise. An imaginary abelian exten-
sion K/k is called totally imaginary if Gal(K/k) = JK. We denote by Div0(K) and P(K)
the group of divisors of degree zero and the group of principal divisors of K , respectively.
Then the divisor class number h(K) of K is defined to be the order of Div0(K)/P (K). It
is well known that h(K) is finite and divisible by h(K+). Write h−(K) = h(K)/h(K+),
called the relative divisor class number of K. In [8], Kida and Murabayashi determined
all the cyclotomic function fields and maximal real subfields with divisor class number
one. In [5], Bae and Kang determined all the cyclotomic function fields with relative di-
visor class number one. In this paper we determine all the abelian extensions of k which
have the divisor class number one (Theorems 3.6, 3.8 and 4.3). We also determine all the
imaginary abelian extensions with relative divisor class number one (Theorem 3.9). The
problem of determining the abelian extensions with divisor class number one is almost
equivalent to determine those ones which have genus zero, or genus one (see Lemma 2.3).
In [9], Macrae determined all algebraic function fields over a finite field Fq which have
divisor class number one and nonzero genus up to Fq -isomorphism. Our solution for the
genus one (Theorems 3.8) does not rely on Macrae’s one. Because his solution is given
up to Fq -isomorphism, instead of using his result, we directly determine all the imaginary
abelian extensions which have the genus one and divisor class number one.
In the classical case, the ideal class number one problem for cyclotomic fields is solved
by Masley and Montgomery [10] and Yamamura [17] determined all the imaginary abelian
number fields with ideal class number one. Recently Semirat [13] determined all the cy-
clotomic function fields with ideal class number one. It may be interesting to determine all
the imaginary abelian extensions with ideal class number one.
2. Different and genus formula
In this section we recall some facts related to the genus. Our main reference is
Stichtenoth’s book [15, Chapter 3] and Auer’s dissertation [4]. Let gK be the genus of K.
Our computation of the genus will be based on the following formula [15, p. 88].
Lemma 2.1 (Genus formula). Let L/K be a finite abelian extension with the same constant
field. Then we have
2gL − 2 = (2gK − 2)[L : K] + deg
(D(L/K)), (2.1)
where D(L/K) is the different of L/K . Especially gL  gK.
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from the following formula [4, p. 24].
Lemma 2.2 (Different formula). Let L/K be a finite abelian extension with Galois
group G. Let p be a prime divisor of K and q be any prime divisor of L lying above p. Let
d(q|p) be the exponent of q in the different D(L/K). Then we have
d(p|q) =
∞∑
n=0
(∣∣G0(p,L/K)∣∣− (G0(p,L/K) : Gn(p,L/K))),
where Gn(p,L/K) denotes the nth upper ramification group of p in L.
There are some criteria for function fields over finite fields to have divisor class number
one, relating to the genus.
Lemma 2.3. [8, Proposition 1 and 2] Let K/k be a finite abelian extension. Then we have
the followings
(i) If gK = 0, then h(K) = 1.
(ii) If q = 3 or 4, then h(K) = 1 implies that gK = 0 or 1.
(iii) If q  5, then h(K) = 1 if and only if gK = 0.
Moreover, if gK = 1, then h(K) is equal to the number of prime divisors with degree one.
Especially if K/k is a non-trivial real extension with gK = 1, then h(K) > 1.
Let L/K be a finite abelian extension. For any prime divisor p of K , let e(p,L/K) and
f (p,L/K) be the ramification index and the residue class degree of p in L, respectively.
Let g(p,L/K) = [L : K]/(e(p,L/K)f (p,L/K)), the number of prime divisors of L lying
above p.
3. Imaginary abelian extensions
In this section we determine all the imaginary abelian extensions with divisor class
number one. We also determine those ones which have the relative divisor class number
one. For an extension K/k, let OK be the integral closure of A in K and O∗K be its unit
group. Let h(OK) be the ideal class number of OK and h−(OK) = h(OK)/h(OK+) be
the relative ideal class number. Let δK = |JK | and Q0 = [O∗K :O∗K+] the unit index. We
note that Q0 is a divisor of δK and Q0 = 1 if K/k is totally imaginary.
Lemma 3.1. Let K/k be an imaginary abelian extension with h−(K) = 1. Then K/k is
totally imaginary (in this case Q0 = 1), or K+/k is real quadratic (in this case Q0 = δK).
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nary, O∗K = F∗q , so Q0 = 1. When s = 1, K+/k is a real quadratic with δK = Q0. 
3.1. Case gK = 0
In this subsection we study the case gK = 0. First we consider the imaginary abelian
extensions with prime power conductor.
Lemma 3.2. Let K/k be an imaginary abelian extension with conductor Pn, where P is a
monic irreducible polynomial. Then gK = 0 if and only if n = 1 and deg(P ) = 1.
Proof. Suppose gK = 0. Since K has the prime power conductor Pn, by [11, Theo-
rem 3.1(i)], we have Q0 = 1. Thus by Lemma 3.1, K/k should be totally imaginary.
Since [KPn : KP ] is a q-power and δK = [K : k] is relatively prime to q , we have
[K : K ∩ KP ] = 1, i.e., K is contained in KP . Since P and ∞ are totally and tamely
ramified in K, the different D(K/k) of K/k is given by
D(K/k) = PδK−1∞δK−1K ,
where P and ∞K are the unique primes of K lying above P and ∞, respectively. Let
d = deg(P ). By the genus formula for K/k, we have (d − 1)(δK − 1) = 0, and so d = 1.
The converse follows from [8, Theorem 4]. 
Let G(K/k) and G+(K/k) be the genus field and narrow genus field of K/k, respec-
tively. For the genus field theory for function fields, we refer [6]. The following lemma
follows from [6, Theorem 3.9].
Lemma 3.3. Let K/k be a finite abelian extension. Then we have
(i) K = G+(K/k) if and only if K is the composite of fields with prime power conductors.
(ii) If K = G(K/k), then K is the maximal subfield of an abelian extension M of k such
that M = G+(M/k) and M/K is unramified at all finite primes, totally ramified at all
infinite primes.
Lemma 3.4. Let K/k be an imaginary abelian extension with gK = 0. Assume that q  5
and K+/k is a real quadratic. Then any finite primes of K+ are unramified in K .
Proof. Since ∞ splits completely in K+/k and infinite primes are totally (tamely) rami-
fied in K/K+, we have that deg(infinite part of D(K/K+)) = 2(δK −1). Since h−(K) = 1
and gK+ = 0, by the inequality [3, Proposition 2.4], that
h−(K)
(√
q − 1)2(δK−1)(gK+−1)+deg(D(K/K+)), (3.1)
we get deg(finite part of D(K/K+)) = 0, which implies the result. 
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the followings
(i) If K/k is totally imaginary, then K = G+(K/k).
(ii) If K+/k is a real quadratic, then there exists an abelian extension M over k such
that gM = 0, h(M) = 1,K+ = M+ ⊂ K ⊂ M and M = G+(M/k). Moreover, the
conductor N of K is of the form N =∏si=1 Pi with deg(Pi) = 1.
Proof. h(K) = 1 implies h(OK) = 1, so K = G(K/k). Let M be an extension of K given
in Lemma 3.3(ii). Suppose that K/k is totally imaginary. The different D(M/K) of M/K
is given by
D(M/K) = ∞[M:K]−1M
where ∞M is the unique infinite prime of M . By the genus formula for M/K , we have
2gM − 2 = −[M : K] − 1, which implies that [M : K] = 1, i.e., M = K . So we get (i).
Suppose that K+/k is a real quadratic. Since all the infinite primes of K are totally ramified
in M , we have M+ = K+. In this case, the different D(M/K) of M/K is given by
D(M/K) = (∞1∞2)[M:K]−1
where ∞1 and ∞2 are the infinite primes of M and by the genus formula for M/K , we
have 2gM − 2 = −2[M : K] + 2([M : K] − 1) = −2, so gM = 0. Thus h(M) = 1 and
we get (ii). Since M and K have the same conductor, the last statement follows from
Lemmas 3.2 and 3.3. 
Theorem 3.6. Assume that q  3. Let K/k be an imaginary abelian extension K/k with
gK = 0. Then K has divisor class number one if and only if K is one of the following types
(i) K is any subfield of KP with deg(P ) = 1.
(ii) q is odd and K = k(√−P1,√−P2 ) with deg(Pi) = 1.
Proof. Suppose that h(K) = 1. Let N = ∏si=1 Pi be the conductor of K. By Proposi-
tion 3.5, each Pi has degree one. By Lemma 3.1, we need to consider the following two
cases: K/k is totally imaginary, or K+/k is a real quadratic.
Assume that K/k is totally imaginary. Let ∞K be the unique prime of K lying
above ∞. For each i, let ei = e(Pi,K/k), fi = f (Pi,K/k), gi = [K : k]/(eifi) and
{Pij : 1 j  gi} be the set of primes of K lying above Pi . Then the different D(K/k) of
K/k is given by
D(K/k) =
s∏
i=1
gi∏
j=1
P
(ei−1)
ij
× ∞(δK−1)K .
Thus by the genus formula for K/k, we have
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s∑
i=1
(ei − 1)figi
 (−δK − 1) + sδK2 =
δK
2
(s − 2) − 1,
where the inequality follows from the facts that eifigi = δK and figi  δK/2. Thus we
get s  2 − 2/δK < 2, i.e., s = 1.
Now we assume that K+/k is a real quadratic. Let Pi be the unique prime of K+ lying
above Pi. Then the differentD(K+/k) of K+/k is given byD(K+/k) =∏si=1 Pi . By the
genus formula for K+/k, we have −2 = −4 + s, and so s = 2. Since [KN : k] = (q − 1)2
is divisible by 2, q must be odd. When q = 3, δK must be 2 and so [K : k] = 4. But
[KN : k] = 4, so K = KN = k(√−P1,√−P2 ). Assume that q  5. Let 〈χ1〉 and 〈χ2〉
be the groups of Dirichlet characters associated to KP1 and KP2 , respectively. We may
assume that χ1χ2 is real, i.e., trivial on F∗q as a character modulo N. Let χ = χa1 χb2
with 1  a, b  q − 2 be a real character of order 2. Then a = b = (q − 1)/2, i.e.,
χ = χ(q−1)/21 χ(q−1)/22 is the unique real character of order 2. Thus there is exactly
one real quadratic subfield of KN with conductor N. But k(
√
P1P2 ) is a such one, so
K+ = k(√P1P2) and {1, χ(q−1)/21 χ(q−1)/22 } is the group of Dirichlet characters associated
to K+. Let XK be the group of Dirichlet characters associated to K . Since the ramification
indices of P1 and P2 in K/k are 2 and χ(q−1)/21 χ
(q−1)/2
2 ∈ XK , by [2, Theorem 1.3.1] (see
also [16, Theorem 3.5]), if χa1 χb2 ∈ XK with 0  a, b  q − 2 then a and b must be 0 or
(q − 1)/2. Therefore we have
XK =
{
1, χ(q−1)/21 , χ
(q−1)/2
2 , χ
(q−1)/2
1 χ
(q−1)/2
2
}
.
Since k(
√−P1 ) and k(√−P2 ) are the fields associated to the groups 〈χ(q−1)/21 〉 and
〈χ(q−1)/22 〉, respectively, we have K = k(
√−P1,√−P2 ). A simple calculation shows that
h(K) = 1. So we get the result. 
3.2. Case gK = 1
In this subsection we study the case gK = 1. From Lemma 2.3, it suffices to consider
the cases that K/k is totally imaginary extension and q = 3 or 4.
Lemma 3.7. Suppose K/k is totally imaginary. Then the conductor N of K must be
square-free.
Proof. Let
N =
s∏
P
ei
i and N
′ =
s∏
Pi.i=1 i=1
H. Jung, J. Ahn / Journal of Algebra 310 (2007) 1–14 7Since [KN : KN ′ ] is q-power, [K : K ∩ KN ′ ] = [KKN ′ : KN ′ ] is also q-power. Since K/k
is totally imaginary, [K : K ∩ KN ′ ] is a divisor of q − 1. Thus [K : K ∩ KN ′ ] = 1, i.e.,
K ⊂ KN ′ , and so N = N ′. 
A character χ of Gal(K/k) is called real if it is trivial on F∗q and non-real otherwise.
Viewing χ as a Dirichlet character, the conductor Fχ of χ is defined as a monic polynomial
(see [2, Section 1]). Let
M
+
Fχ
= {A ∈ Fq [T ]: A is monic,deg(A) < deg(Fχ ) and (A,Fχ) = 1}.
Then we have the following analytic class number formula [5, (1)]
h−(K) =
∏
χ non-real
( ∑
A∈M+Fχ
χ(A)
)
. (3.2)
Theorem 3.8. Assume that q  3. Let K/k be an imaginary abelian extension with gK = 1.
Then K has divisor class number one if and only if K is one of the followings
(i) q = 3 and K = k(√−(T 3 + 2T + 1) ).
(ii) q = 4 and K = k( 3√T 2 + T + η ) where η is a generator of F∗4.
Proof. Assume that h(K) = 1. Since gK = 1, by Lemma 2.3, K/k must be totally imagi-
nary and q = 3 or 4. Let N =∏si=1 Pi be the conductor of K with di = deg(Pi).
Suppose that q = 3. Then [K : k] = 2. The different D(K/k) of K/k is given by
D(K/k) =
s∏
i=1
Pi × ∞K,
where Pi and ∞K are the unique primes of K lying above Pi and ∞, respectively. Then
by the genus formula for K/k, we have
∑s
i=1 di = 3. So there are three cases:
(i) N = P1P2P3 with deg(Pi) = 1,
(ii) N = P1P2 with deg(P1) = 1, deg(P2) = 2, or
(iii) N = P with deg(P ) = 3.
In cases (i) or (ii), |M+N | is even and since the non-trivial character χ of K takes values in{−1,1}, we can see from the analytic class number formula (3.2) that h(K) = h−(K) is
divisible by 2. In case (iii), by [1, Lemma 3.2], we have K = k(√−P ). Among k(√−P )
where P runs over all monic irreducible polynomials with degree 3, we can show that only
k(
√−(T 3 + 2T + 1) ) has divisor class number one by a simple computation.
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D(K/k) of K/k is given by
D(K/k) =
s∏
i=1
P2i × ∞2K,
and so by the genus formula for K/k, we have
∑s
i=1 di = 2. Thus N = P1P2 with
deg(P1) = deg(P2) = 1 or N = P with deg(P ) = 2. Assume that N = P1P2 with
deg(P1) = deg(P2) = 1. Let 〈χ1〉 and 〈χ2〉 be the groups of Dirichlet characters associ-
ated to KP1 and KP2 , respectively. We may assume that χ1χ
−1
2 is real. Then 〈χ1χ2〉 is the
group of Dirichlet characters associated to K . By the analytic class number formula (3.2),
we have
h(K) = h−(K) =
∑
A∈M+N
(χ1χ2)(A)
∑
A∈M+N
(χ1χ2)
−1(A).
Let ζ = exp(2πi/3). Then
∑
A∈M+N
(χ1χ2)(A) = 1 + ζ i + ζ j and
∑
A∈M+N
(χ1χ2)
−1(A) = 1 + ζ−i + ζ−j
for some i, j ∈ {0,1,2}. It is easy to see that h(K) is divisible by 3 for any i, j ∈ {0,1,2}.
Now assume N = P with deg(P ) = 2. Then by [1, Lemma 3.2], K = k( 3√−P ) = k( 3√P ).
Among k( 3
√
P ) where P runs over all monic irreducible polynomials with degree 2, we
can show that only k( 3
√
T 2 + T + η) with η ∈ F∗4 a generator has divisor class number one
by a simple computation. 
3.3. Imaginary abelian extension K with h−(K) = 1
In this subsection we determine all the imaginary abelian extensions K of k which have
the relative divisor class number one.
Theorem 3.9. Let K/k be an imaginary abelian extension. Then h−(K) = 1 if and only if
h(K) = 1, or q = 3 and K = k(√−P ,√−(T 3 + 2T + 1) ) with deg(P ) = 1.
Proof. Let K/k be an imaginary abelian extension with h−(K) = 1. Since h(K) = 1
implies h−(K) = 1, without loss of generality, we may assume h(K) = h(K+) > 1. Then
K/k can not be a totally imaginary, so K+/k is a real quadratic (by Lemma 3.1). By
Lemma 2.3, we have gK,gK+  1. Since deg(infinite part of D(K/K+)) = 2(δK −1) 2,
from the genus formula for K/K+, we have gK  2gK+ > gK+ . Since
2(δK − 1)(gK+ − 1) + deg
(D(K/K+))= 2(gK − 1) − 2(gK+ − 1) 1, if q  5,
by the inequality (3.1), we have h−(K) 2. Thus we only need to consider the cases q = 3
or q = 4.
H. Jung, J. Ahn / Journal of Algebra 310 (2007) 1–14 9Assume that q = 4. Then Q0 = |JK | = 3 and any finite primes of K+ are unramified
in K (by [11, Theorem 3.1]). Let N =∏si=1 P eii be the conductor of K and di = deg(Pi).
Since Q0 = 1, we have s  2. Let N ′ = ∏si=1 Pi. If K ⊂ KN ′ , then [K : k] divides
Φ(N ′) =∏si=1(qdi − 1) which is an odd integer. But [K : k] = 6, so N can not be a square
free and [K : K ∩ KN ′ ] > 1. Since [K : K ∩ KN ′ ] = [KKN ′ : KN ′ ] divides [KN : KN ′ ]
which is 2-power, [K : K ∩ KN ′ ] = 2 and [K ∩ KN ′ : k] = 3. Since any finite primes of
K+ are unramified in K , each Pi has the ramification index 2 in K and so any finite primes
of k is unramified in K∩KN ′ . Thus we have K∩KN ′ = k, which is a contradiction. There-
fore there is no imaginary abelian extension K of k such that h(K) > 1 and h−(K) = 1.
Assume that q = 3. Since Q0 = 2, the conductor N of K can not be a prime power,
say N =∏si=1 P eii with s  2. Since [K : k] = 4, we have two cases: Gal(K/k)  Z/4Z
or Gal(K/k)  Z/2Z⊕Z/2Z. First we assume that Gal(K/k)  Z/4Z. Let XK = 〈χ〉 be
the group of Dirichlet characters associated to K. Clearly N is the conductor of χ and χ3.
Since XK+ = 〈χ2〉, χ and χ3 are all non-real characters of K. By the analytic class number
formula (3.2), we have
h−(K) =
( ∑
A∈M+N
χ(A)
)( ∑
A∈M+N
χ3(A)
)
.
Since |M+N | is even and the order of χ is 4, h−(K) is divisible by 2. Assume that
Gal(K/k)  Z/2Z⊕Z/2Z. Then K has three quadratic subfields, say E1,E2 and K+. E1
and E2 must be imaginary; otherwise, say E1 is real, then K = E1K+ is also a real exten-
sion of k. Since h−(K) = 1, we have h(K) = h(K+), and so from the class number rela-
tion [18, Main Theorem], h(K) = h(E1)h(E2)h(K+), we have h(E1) = h(E2) = 1. Thus
by Theorems 3.6 and 3.8, Ei is either k(
√−P ) with deg(P ) = 1 or k(√−(T 3 + 2T + 1) ).
But h(k(
√−P1,√−P2 )) = 1 for deg(P1) = deg(P2) = 1. Thus we have
K = k(√−P ,√−(T 3 + 2T + 1) )
with deg(P ) = 1. Clearly K+ = k(√P(T 3 + 2T + 1) ),E1 = k(√−P ) and E2 =
k(
√−(T 3 + 2T + 1) ). Thus we have
h−(K) = h(K)/h(K+)= h(E1)h(E2) = 1.
From the genus formula, we have gK+ = 1. By Theorem 3.8, we have h(K+) =
h(K) > 1. 
4. Real abelian extensions
In this section we find all the real abelian extensions K/k which have the divisor class
number one. By Lemma 2.3, it is equivalent to find all the real abelian extensions with
genus zero. Let K/k be a real abelian extension with gK = 0. Let [K : k] = pan with
(p,n) = 1, where p = char(k). Then K = K1K2 with [K1 : k] = pa, [K2 : k] = n. Clearly
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degree over k is a p-power or relatively prime to p.
Proposition 4.1. Let K/k be a real abelian extension whose degree over k is relatively
prime to p. Then K has divisor class number one if and only if K is one of the following
types
(i) K is a subfield of K+P with deg(P ) = 2.
(ii) K is a subfield of K+P1P2 with deg(P1) = deg(P2) = 1 (P1 = P2).
(iii) q is odd and K = k(√P1P2,√P1P3 ) with deg(Pi) = 1 (P1 = P2 = P3).
Proof. Since [K : k] is relatively prime to p, the conductor N of K must be square free,
say N =∏si=1 Pi . Let n = [K : k] and di = deg(Pi). For each i, let ei = e(Pi,K/k), fi =
f (Pi,K/k), gi = [K : k]/(eifi) and {Pij : 1 j  gi} be the set of all primes of K lying
above Pi . Assume that gK = 0. The different D(K/k) of K/k is given by D(K/k) =∏s
i=1
∏gi
j=1 P
(ei−1)
ij
and so by the genus formula for K/k, we have
−2 = −2n+
s∑
i=1
(ei − 1)difigi −2n+ n2
s∑
i=1
di,
where the inequality follows from the fact that figi  n/2. Thus
s∑
i=1
di  4 − 4
n
< 4
and so we need to consider the following cases: N = P with deg(P ) = 1,2, or 3, N =
P1P2 with deg(P1) = deg(P2) = 1(P1 = P2), N = P1P2 with deg(P1) = 1,deg(P2) = 2,
N = P1P2P3 with deg(Pi) = 1(P1 = P2 = P3). For the genus gK+N of K
+
N , we use the
Kida–Murabayashi’s result [8, Corollary 1].
When N = P with deg(P ) = 1, N = P1P2 with deg(P1) = deg(P2) = 1 (P1 = P2) or
N = P with deg(P ) = 2, we have gK+N = 0, so any subfield K of K
+
N also has genus zero.
N = P with deg(P ) = 3. K+P has the genus gK+P = q(q + 1)/2. Let P be the unique
prime of K lying above P . Then D(K/k) = Pn−1 and so by the genus formula for K/k,
we have n = 1. Hence there is no non-trivial solution.
N = P1P2 with deg(P1) = 1,deg(P2) = 2. In this case, we have
gK+N
= q(q − 1)/2 > 0.
The ramification index of P2 in KN is q2 − 1. Since KN/K+N is unramified at any finite
primes and [K+N : k] = q2 −1, P2 is totally ramified in K+N . Let P2 be the unique primes of
K lying above P2. Let e = e(P1,K/k), f = f (P1,K/k), g = [K : k]/(ef ) and {P1j : 1
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given by
D(K/k) = P2
g∏
j=1
P
(e−1)
1j ,
and so by the genus formula for K/k, we have (e − 1)gf = 0. Thus e = 1, i.e., P1 is
unramified in K . Then K ⊂ K+P2 , which is a contradiction.
N = P1P2P3 with deg(Pi) = 1 (P1 = P2 = P3). For each i, let ei = e(Pi,K/k), fi =
f (Pi,K/k), gi = [K : k]/(eifi) and {Pij : 1  j  gi} be the set of primes of K lying
above Pi . Then the different D(K/k) of K/k is given by
D(K/k) =
3∏
i=1
gi∏
j=1
P
(ei−1)
ij
,
and by the genus formula for K/k, we have
∑3
i=1 figi = n+ 2, i.e.,
1
e1
+ 1
e2
+ 1
e3
= 1 + 2
n
. (4.1)
If ei  3 for all i, then figi  n/3 and so
∑3
i=1 figi  n, which is a contradiction. Hence
at least one of ei must be 2. Thus (q − 1)2 = [K+N : k] is divisible by 2, i.e., q must be odd.
Let XK be the group of Diriclet characters associated to K . Let χi be a generator of XKPi .
Clearly XKN = 〈χ1, χ2, χ3〉. We may assume that χiχ−1j (i = j) is real. Set Ni,j = PiPj .
Then we have
XK+Ni,j
= 〈χiχ−1j 〉.
Since the ramification index of Pi and Pj in KNi,j is q − 1, [K+Ni,j : k] = q − 1, and
KNi,j /K
+
Ni,j
is unramified at any finite primes, Pi and Pj are totally ramified in K+Ni,j .
Hence K+N = K+N1,2K+N1,3 and
XK+N
= 〈χ1χ−12 , χ1χ−13 〉.
From (4.1), we have the following cases; {e1, e2, e3} = {2,2, e} with e 2, or {e1, e2, e3} =
{2,3, e} with 3  e  5. In the first case, we assume e2 = e3 = 2 and e1 = e. Let
(χ1χ
−1
2 )
a(χ1χ
−1
3 )
b = χa+b1 χ−a2 χ−b3 ∈ XK with 0 a, b q−2. Then a = 0 or (q−1)/2,
b = 0 or (q − 1)/2 and so a + b = 0 or (q − 1)/2. Thus e1 = 2, [K : k] = 4 and
XK =
{
1,
(
χ1χ
−1)(q−1)/2, (χ1χ−1)(q−1)/2, (χ2χ−1)(q−1)/2}.2 3 3
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e2 = 2, e3 = 3 and e1 = e. Let (χ1χ−12 )a(χ1χ−13 )b = χa+b1 χ−a2 χ−b3 ∈ XK with 0 a, b
q − 2. Then a = 0 or (q − 1)/2, b = 0, (q − 1)/3 or 2(q − 1)/3. Thus
a + b = 0, q − 1
3
,
q − 1
2
,
2(q − 1)
3
,
q − 1
6
or
5(q − 1)
6
and so e1  6, which is a contradiction. 
Now we want to find all the real abelian extensions K with gK = 0 whose degree over
k is p-power. Let N =∏si=1 Pmii be the conductor of K . Since K+N is the ray class field
of k modulo N , mi is the least non-zero integer m such that Gm(Pi,K/k) is trivial. Since
[K : k] is a p-power, G0(Pi,K/k) = G1(Pi,K/k) is just the inertia group of Pi in K
(see [15, p. 122, III 8.6 Proposition]).
Proposition 4.2. Let K/k be a real abelian extension whose degree over k is p-power.
Then K has the divisor class number one if and only if K is any subfield of K+
P 2
with
deg(P ) = 1.
Proof. Let N =∏si=1 Pmii be the conductor of K . Let G = Gal(K/k),n = [K : k] and
di = deg(Pi). Let ei = e(Pi,K/k), fi = f (Pi,K/k), gi = [K : k]/(eifi) and {Pij : 1 
j  gi} be the set of primes of K lying above Pi . Write the different D(K/k) of K/k as
D(K/k) =
s∏
i=1
gi∏
j=1
P
d(Pij |Pi)
ij
.
Then by the different formula (Lemma 2.2), we have
d(Pij |Pi) =
mi∑
l=0
(∣∣G0(Pi,K/k)∣∣− (G0(Pi,K/k) : Gl(Pi,K/k))) 2(ei − 1).
Assume that gK = 0. Then by the genus formula for K/k, we have −2−2n+n∑si=1 di
and so
∑s
i=1 di  2 − 2/n < 2, i.e.,
∑s
i=1 di = 1. Therefore, we have N = Pm with
deg(P ) = 1. We claim that m = 2. Suppose that m 3. Let P be the unique prime of K ly-
ing above P . Since P is totally ramified in K , we have G0(P,K/k) = G1(P,K/k) = G.
Then D(K/k) = Pd(P|P) with
d(P|P) =
m∑
i=0
(
n − (G : Gi(P,K/k))) 2(n− 1) + (n − a),
where a = (G : G2(P,K/k)) and n − a > 0. By the genus formula for K/k, we have
2gK −2−2n+(3n−2−a), i.e., gK  n−a > 0, which is a contradiction. The converse
follows from [8, Theorem 3]. 
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if and only if K is one of real abelian extensions of k in Propositions 4.1 and 4.2.
Proof. Any real abelian extension K of k with divisor class number one (equivalently
genus zero) can be written as K = K1K2, where [K1 : k] is a p-power and [K2 : k] is
relatively prime to p. Clearly K1 and K2 also have the divisor class number one (genus
zero). Thus we only need to consider the compositum of ones in Propositions 4.1 and 4.2.
Let K1 be a subfield of K+P 2 , where deg(P ) = 1. Let K2 be a real abelian extension of k in
Proposition 4.1. Let K = K1K2, the compositum of K1 and K2. Let ni = [Ki : k], i = 1,2.
We will show that gK > 0.
Assume that K2 is a subfield of K+P2 with deg(P2) = 2. By Abhyankar’s lemma[15, p. 125], the ramification index of P2 (respectively P ) in K is n2 (respectively n1).
Since P2 is unramified in K1, any primes of K1 lying above P2 are totally and tamely
ramified in K . Thus by the genus formula for K/K1, we have gK = (n1 − 1)(n2 − 1) > 0.
Assume that K2 is a subfield of K+P1P2 with deg(P1) = deg(P2) = 1 (P1 = P2). We note
that P1 and P2 are totally and tamely ramified in K2. Thus by Abhyankar’s lemma and the
genus formula for K/K1, we have gK = (n1 − 1)(n2 − 1) > 0.
Assume that q is odd and K2 = k(√P1P2,√P1P3 ) with deg(Pi) = 1 (P1 = P2 = P3).
We note that the ramification index of each Pi in K2 is 2. By using the Abhyankar’s lemma,
we have
deg
(D(K/K1))=
{
6n1 if P = P1,P2,P3,
4n1 + 2 otherwise.
Thus by the genus formula for K/K1, we have that gK = 3(n1 − 1) > 0 if P = P1,P2,P3
and gK = 2(n1 − 1) > 0 otherwise. 
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